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ADSTRACT

We discuss the problem of rocovering the 3-D motion and structure. An algorithm for computing the camiern
molion and Lhe orientalion of planar surface is developed. It solves for thie 3-D motion and stenelire iteratively
given two successive image frames. We further improve the solution by salving the ordinary dilferential eua-
tions which describe the evolution of motion and structure over lime. Tlie robustness of the entire OCESS 15
demonstrated by thie experiment with a moving camcra which “Mlies™ over a lerrain model,

1 INTRODUCTION

The problem of recovering scene structure and the camera molion relative Lo the scene lias been one of L key
problems in computer vision. Many techniques have been developed for Lhe estimation of struckure and motion
prameters ( Tsai and Huang [2], Weng ct al. (7] etc.). A lot of exisling algorithms depend on evalualing Lhe motion
paramelers belween Lwo successive frames in a sequence. llowever, recenl rescarch on structure and motion has
been dirccted Lowards using a large number of frames to exploil the history of paramctric cvolubion for a o
accurale eslimalion and noise reduction ( Ullman (3], Hildreth and Graywacs [6], Iu and Wohn (8] eke.)

In this paper we describe a method for recovering the 3-D motion and orientalion of a planar surface from an
evolving image sequence. The algorithm utilizes the image flow velocities in order Lo recover Lhe 3-D parsimelers
First, we develop an algorithm which iteratively improves the solulion given Lwo successive image frames. e
solution space is divided into three subspaces - Lthe Lranslational molion, Lhe rolalional motion aml Lhe surfaee
slope. The solulion of cach subspacc is updated by using the current solution of the olhier Wwo subspaces. he
updaling process continues until the molion paramelers converge, or unkil no significant improveinenl s achieved

Second, we further improve Lhe solution progressively by using a large number of image friumes and the ordinary
dilferential cquations which describe the evolution of motion and skructure over Lime. Our algoritling uses o weighbed
average of Lhe expecled paramelers and the calculated parameters using Lhe 2-frame iterative algorithi as currenl
solulion and continucs in Lhe same way Lill the end of Lhe frame sequence. Thus it keeps Lrack of Lhe past liskory
of parameleric evolution. The system was Lested on a sequence of images oblained by the molion of a camera over
a planar surface.

2 MODELING

One can model an arbitary 3-D molion in terms of slalionary-sceno/moving-viewer as shown in Figure |, Tlie
oplical flow al Lhe image plane can be related to the 3-D world as indicated by Lhe following pair of equitions
originally derived by Longuct-Higgins and Prazdny [1], for each point (z,y) in the image planc :

Uy = {3!3" - !5"} + [-tyﬁx - (l “+ :zJ Qy +yﬂz]
v = (pF =)+ (14 07) Qx — 2y - 203] ,

whete ve and vy arc the image velocity al image location (z,y), (Vix, Vir, Vz) and (Qx, Qy, Rz) are Lhe Leanslational
and rotational velocity vectors of Lhe observer, and Z is Lhe unknown distance from Lhe camera Lo the ohject.
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For planar surlaces, the Z lunction is simply pX + qY + 2Z,, where p and q are the planar surface orienlakions,
The situation becomes, for cach point, lwo equations in cight unknowns, namely, Lhe scaled Leansiational veloeilies
Vx /2o \Vy [Z, and V3 /Z,, Lhe rotational velocities Qy Qy and Q7 and Lhe orientations pand ¢ Diffierentinl nwethods
could be used to solve Lhose cquations by differentiating the flow fickl and by using approximate tnethiods ta fnd the
flow ficld derivatives. The existing methods for compuling Lhe derivalives of Lhe Now feld usually do nob produes
accurale results. Our algorithm uses a discrele method instead, i.¢, the veclors ab i mmibier of points o Ui plane
is determined and the problem reduces Lo solving a system of nonlinear cqualions, a pair of equakions represeiis
the flow al cach point as follows :

ve = (1 = pz—qu) (:-Ef - %L) + [zyQx = (1 + 2%) Qy + y02z]

vy = (1= pz—qy) (432 — 42) + [(1+17) 2 — 290y — 202

Il should be noticed that the resulting systom of equations is nonlinear, iowever, it has some linear properlios,
The rotational part, for example, is totally linear, also, for any combinalion of Lwo spaces among the rotalional,
translational and slope spaces, Lhe system becomes lincar. For Lhe system of cqualions Lo be consislent, we need
the flow estimales for al lcast four points, in which case Lhere will be cight equalions in cighl unknowus

3 TWO-FRAME ALGORUTHM

The algorithm takes as input Lhe estimale of the flow vectors al a number of poiits > 4 obtained fron molion
belween Lwo images. IL iterates updating the solution of cach subspace by using Lhe solulion of Lhe ollier Lwo
subspaccs. Each updale involves solving a lincar system, thereby it requires Lo solve Lhiree lincar syskems Lo complele
a single ileration. This process continues until Lhe solution converges, or until no significank improveiment s wade
The algorithm proceeds as follows :

I. Set p, 9 = 0
inpul Lhe initial cstimale for rotation ;
Solve Lhc lincar system for translation;
2. Use the translation and rotation from step | ;
Solve the linear system for the slope ;
3. Set i=1;
While (i € Max. Ilcrations) and (no convergence) Do
Solve for Lhe rolalions using latesl estimales of Lranslations, p and q;
Solve for the translations using lalest estimates of rotalions, p and ¢;
Solve for p, 7 using lalcst estimates of Lranslations and rolalions;
end While ;

3.1 Complexity Analysis

As we mentioned earlier, one should notice in Lhe equalions relaling Lhe Nlow velocities with Lhe slope, rolational sl
Lranslational velocitics thal they are “quasi-linear™ | il one can say s0. Tlic cquations exhibil some linear properbis.
This suggests thal a purely iteralive technique for solving non-linear cqualions might not be an excellent choice,
since, Lhe variables are lincarly relaled in some way. To Lhink of a way of “inverting" Lhe relations mighl be o gool
start, although Lo do Lthat without a ramework based on iteraling and gravilaling Lowards a solulion is not i goaod
ideca.

This makes onc think of applying a method which converges faster than a purely ilerabive sclicine like Nowbon's
method. Ilowever, the complexily of Newlon's method is determined by the complexily of computing Lhe inverse
Jacobian, which is of an order of N9, or N38! multiplications as the lower bound using Strassen's Lechnique. In aur
casc, since we have al least 8 equations in 8 unknowns, Lhe complexity is of order 8 = 512 nulliplicabions alb evers
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iteration, and the method docs not make any use of Lhe fact Lhat Lhe set of equations at hand exlubils some linear
properlies,

The algorithm proposed, on the other hand, makes very good use of Lhe lacl thal Lhere are some lineaniky i Lhe
cquations, by inverling Lhe sel of rolations for cach subspace al every iteralion. The complexily ol every ileration is
of the order of Lhe complexity of compuling the psucdo-inverse which is of Lthe order of ( 3% 4 3" 4 2" ) mulkiplications
al cach ileration, where Lhe firsk 3 comes [rom solving Lhe system [or Lhe rotational variables, Lhe second 4 is for Lhe
translalions, Lthe last 2 is for p and q. This is equal Lo 62 mulliplications al every ileralion, which s significantly less
than the 512 multiplications in a method like Newton's lor example. It was noticed that the algorithin converged
to solulion in a very simall number of ilerations for most experiments we have conducted so Tar. The maxiim
number of ilerations was 7.

Using the latest solulion oblained from the two-frame analysis as Lhic initial condition Tor Lhe nexk two-lrannme
problem in the image scquence would [urther decrease the complexity, as Lthe next sl of paramelers would, most
probably, be close in values to Lthe current parameters, thus the number of iterations needed Lo converge ta e pew
solution would decrease significantly.

3.2  Observations

* The algorithm is nol scnsilive Lo Lhe initial condilion of Lhe oricntation parancters. Uhie pliane s suuply
assumed Lo be a (rontal onc at the beginning. The slope parameters cvolves will ileralions.

e The algorithm is sensitive Lo input noisc just like other existing algorithms, some experineils showes L
sensilivity wilh respect Lo Lhe change of viewing angle, Lable 3 includes some resulls of Lhose rxperiments
Similarly, the algorithm performs betler for a large number of points thal arc evenly distribuled Lhroaughaul
the planar surface, than it docs for clustered, smaller number of image poinls.

« IL is proven that therc exists dual solutions for such systems. Ilowever, if our method gravilates towands o
“fixed poinl” in Lhe solution space we can find the other explicitly in Lerms of Lhe firsh one from Lhe reliabions
given by Waxman and Ullman [4].

4 MULTI-FRAME ALGORITHM

The ordinary differential cquations Lthat describe Lhe evolution of motion and structure paramelors are useil (o
find the expression for Lhe expecled parameter change in Llerms of Lthe previous parameler eslimiates, e expecied
change and the old estimates are Lhen used Lo predict Lhe current molion and struclure paramelers,

AL time instant £, Lhe planar surface equation is described by
L=pXN+qY + Z,

Teo compule the change in the struclure paramcters during Lhe Lime interval di, we dilfercubiate Lhe above equation
Lo get

dZ  dX _dp dY _dq dZ,

i el AN A/ =

& =T P AG g+
The time derivatives of (X, Y, Z) in the above expression are given by Uhe Lhree components of the vector —(V+§2x )
Lhal represent Lhe relalive motion of the object wilh respect Lo Lhe camera. Substitubing Lhese companents for Lhe
derivalives and the cxpression pX + qY + Z, for Z we can get Lhe exact differentials for the slopes and Z, as

dZe = Zo [(Qy + Vx)p = (x = Wy )g = Vz]dt
dp = [p(Qyp = Oxq) + (Qy + Nz9q)] dt

dq = [9(Qyp—Oxq) = (Qx + Qzp)]dl
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Using the above relations, we can compule Lhe new skructure paramclers ab Lime [+ dl as
p=p+dp, §=q-+dq and Zo=2Z4+d2Z,

Thus the slope paramecters evolve al Lime £+ dl as follows :

[ ] [ﬁrP Sxq Nz Ny ] f; i
Qyp—xq -0x |

The new translational velocity V ab lime { + dt can be found in Lthe absence of acceleralions from
V=V+4Vxad

Dividing V by Z, we get Lhe new expecled scaled Lranslalional velocily components al Lime [+ dl as follows |

'-:’x ] [ Vy -5 Rz Qy ] Vx
Wl =|w|+]|-82 -5 0 Ve | dt,
Vs Vz Qy ~Qx —s Vs
where s is expressed as follows .
s=(y +Vx)p—(OQx -W)g=Vz
The expected rotational parameters at Lime ¢ + dl remain cqt'u;l to their values al Lime [ since
f=04+0x0d=0
and Lthus
(9,9, 92) = (@, 9y, 02)

Our algorithm uses a weighted average of Lhe expected parameters al Lime L+ di [rom Lhe above caquabions il
the calculated parameters using the two-frame iteralive algorithm as thie solution ab Lime [ + di, and conkinnes w
the same way until the end of the frame sequence. Thus it kecps track of Lhe past history of parameleric evolulion.
The behaviour of the two-frame algorithm and the multi-frame algorithm can be conceplualized as a conlrol system
as shown in ligures 2a and 2b.

5 RESULTS

The algorithm was run on a sequence of image data. The images were those of a planar surface heng approachin
by o video camera mounted on a robot arm. The planc consisted of 120 dots. The sequence sitanlated Lhe sibualion
where an airplane approaches a runway for landing. One may Lhink of the dobs as lighls Lo guide Lhe awpliane
during a night landing. The actual rolational and Lranslalional velocitics belween each bwo subsequent shoks were
Oy ==3° 0y =0°, Nz = =5°, Vyx =0 mm, Vp = 10 mm and Vz = 20 mm. To delermine Lhe flow vectors, ithe
first order moments were used Lo caleulate the center of mass of each one of Lhe dols in Lhe image sequonce and then
they were matched across the image sequence. Thus, there were 120 points al which Lhe = and y displacements were
available as the approximalion to Lhe flow velocilies. In real image date, more olaboraled flow recovery algorithm
should be used in order Lo delermine the flow field accurately,

Tables 1a and 1b arc the recovered and actual parameters when the Lwo-frame algorithm is used. Table 2 includes
the paramelers computed [rom Lhe multi-frame algorithm, using the weighting factor = 1/2 . Table 3 includes the
results of varying the view angle for the two-frame algorithm. It should be woled thal some of Lhe parmncier
improved significantly when we used Lhe updating mechanism and kepl track of the history of evolukion of U
motion and structurc paramelers. The translational velocitics in the y and z directions and the plane orientation in
the y dircclion were recovered more accuralely al Lhe end of Lhe sequence using Lhe second algorillim. However, error
propagation causcd a slight deterioration in the recovered values of a few paramelers ab Lhe end of Llie experinunl
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Experimental Resulls

The Image sequence (il ->i4)

Actual | 12 -~ I8 | Actual | 18 -~ I{ | Actual [ If -> I5 | Aclual
1 . -0.096 | -3.0 | 0.762 | -3.0 | 0.429 | -3.0 | -0.224 [ -3.0

-0.162 | 0.0 | -0.042 | 0.0 | 0.016 0.0 | 0.108 | 0.0
-2.537 -5.0 -2.889 -5.0 -2.82 -0.0 -3.005 -5.0
1.691 0.0 1.25 0.0 1.276 | 0.0 1.12 0.0
9.25 10.0 | 10.71 | 10.0 [ 8.22 10.0 4.8 10.0
15.46 | 20.0 | 15.22 | 20.0 | 17.55 | 20.0 | 18.23 | 20.0
13.14 | 17.32 | 4.7 16.56 | 9.76 | 14.36 | 9.05 | 12.12
- 30.875 | 12.25 | 22.95 | 13.34 | 29.99 | 18.56 | 33.84 | 22.73

SRy S el

ps

e

= v |=l=l=lRlele

Table 1a
Recovered Parameters using the 2-Frame Algorithm
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Table 1b
Recovered Parameters using the 2-Frame Algorithm
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| Il - 12| Aclual | 12 - I3 l Actual | 13 = I | Acf.ugf_l].{ S MT_/Ehm.’ "
' 0, -0.1 -3.0 0.33 -3.0 | 0.384 | -3.0 | -0.08 [ -3.0
fl, -0.214 0.0 -0.126 0.0 -0.05 0.0 0.0286 0.0
Q. -2.64 -3.0 -2.67 -9.0 -2.8 -0.0 -2.99 -5.0
V. 1.634 0.0 1.25 0.0 1.06 0.0 . 0.9 0.0
V, 0.933 10.0 10.42 10.0 9.614 10.0 7.49 10.0
V, 14.49 20.0 14.96 20.0 16.55 20.0 17.77 20.0
n 11.01 17.32 9.64 16.56 9.G68 14.36 10.02 12.12
q o 26.95 12.25 21.5 13.34 26.77 18.56 _3&43 22.73
[D’uramctcrs 15 - !6| Actual | 16 ->-_{?’[ Actual | {7
Q. 0.11 | -3.0 | -2.75 | -3.0 | -2.80 | -3.0
Q, 0.045 0.0 -1.8 0.0 -0.8 0.0
a, -2.5938 -5.0 -3.97 -5.0 -3.89 -9.0
V. 0.697 0.0 1.124 0.0 0.78 0.0
V, 5.47 10.0 G.85 10.0 8.31 10.0
Vi 18.68 | 20.0 15.5 20.0 | 17.76 | 20.0
P 14.86 13.67 25.31. 10.23 16.1 4.42
q 22.34 37.38 28.04 45.51 _'MG 78.36
Table 2
Recovered Parameters using the Many-Frames Algorithm
[Parameters | Achwal] 38 | 9° [ 20° | 2 | o | 0 ]
[y 3.0 | -3.01 | -2.086 | -2.787 | -2.411 | -1.023 | 2.483
fl, 0.0 0.16 0.149 0.165 0.176 | 0.318 0D.015
2, -5.0 | -3.78 | -3.720 | -3.521 | -3.176 | -1.983 [ -0.157
V. 0.0 0.768 0.722 0.812 1.242 2.724 3.476G
Vy 10.0 7.003 7.023 6.835 G.251 4.872 2.489
V., 20.0 | 16.518 | 15.325 | 14.313 | 13.826 | 14.178 | 11.410
P 4.42 | 15.124 ] 16.113 | 16.725 | 16.937 | 19.255 | 17.837
q 78.36 | 70.502 | 70.547 | 68.463 | GG.165 &EG] ﬂ._lﬁ.’l
Table 3
Effcct of Varying the View Angle on the Recovered Paramelers {(i7->i8)
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6 DISCUSSION

The recovery method described here has a variely of applicalions. 1L can be uscful in vision-guided applicalions
such as aulonomous landing and navigalion. IL may be a starling poinl for determining global shruckure - niotion
analysis of enlire polyhedra, making it suitable for robotics applications in the “moving blocks world”, I'arallel
implementations could be designed for such problems, Lthus solving for Lthe struclture - molion paraineciors for cach
surface separately. In [act solving the lincar syslem at cach ileralion could also be parallelized. Lxbra processing
will be needed Lo segment Le image inlo scparale planar surfaces,

We can [urther improve the solution by exploiling the lemporal cobierence of 3-D motion. We can develop
Lhie ordinacy differential equalions which describe Lhe evolulion of motion and structure in lerms of Lthe currant
molion/structure and the measurements (the 2-D molion veclors) in the image planc. As an mitial step we can
assume Lhat the 3-D motion is piccewise uniform in time, The extended Kalman flter can then be used Lo updite
Lhe solution of Lhe differential equalions.
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